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via Orabona, 4 - 70126 Bari, Italy
{appice,ceci,malerba,lanza}@di.uniba.it

Abstract. The Geographically Weighted Regression (GWR) is a
method of spatial statistical analysis which allows the exploration of
geographical diﬀerences in the linear eﬀect of one or more predictor variables upon a response variable. The parameters of this linear regression
model are locally determined for every point of the space by processing a
sample of distance decay weighted neighboring observations. While this
use of locally linear regression has proved appealing in the area of spatial econometrics, it also presents some limitations. First, the form of the
GWR regression surface is globally deﬁned over the whole sample space,
although the parameters of the surface are locally estimated for every
space point. Second, the GWR estimation is founded on the assumption that all predictor variables are equally relevant in the regression
surface, without dealing with spatially localized collinearity problems.
Third, time dependence among observations taken at consecutive time
points is not considered as information-bearing for future predictions. In
this paper, a tree-structured approach is adapted to recover the functional form of a GWR model only at the local level. A stepwise approach
is employed to determine the local form of each GWR model by selecting
only the most promising predictors. Parameters of these predictors are
estimated at every point of the local area. Finally, a time-space transfer
technique is tailored to capitalize on the time dimension of GWR trees
learned in the past and to adapt them towards the present. Experiments
conﬁrm that the tree-based construction of GWR models improves both
the local estimation of parameters of GWR and the global estimation of
parameters performed by classical model trees. Furthermore, the eﬀectiveness of the time-space transfer technique is investigated.

1

Introduction

A main assumption underpinning geographic thinking is spatial non-stationarity,
according to which a phenomenon varies across a landscape. In a regression task,
where the predictor variables and the response variable are collected at several
locations across the landscape, the major consequence of spatial non-stationarity
is that the relationship between the predictor variables and the response variable is location-dependent. The consequence of this spatial variability is that a
spatial analyst is discouraged from employing any conventional regression-based
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model which assumes the independence of observations from the spatial location.
Indeed, LeSage and Pace [19] have shown that the application of conventional
regression models leads to wrong conclusions in spatial analysis and generates
spatially autocorrelated residuals. One of the best known approaches to spatial
regression is GWR (Geographical Weighted Regression) [2], a spatial statistics
technique which addresses some challenges posed by spatial non-stationarity. In
particular, GWR maps a local model as opposed to the global linear model conventionally deﬁned in statistics, in order to ﬁt the relationship between predictor variables and a response variable. In fact, unlike the conventional regression
equation which deﬁnes single parameter estimates, GWR generates a parametric
linear equation, where parameter estimates vary from location to location across
the landscape. Each set of parameters is estimated on the basis of distanceweighted neighboring observations. The choice of a neighborhood is inﬂuenced
by the observation that the positive spatial autocorrelation of a variable is common to many geographical applications [14]. In particular, the positive spatial
autocorrelation of the response variable occurs when the response values taken
at pairs of locations a certain distance apart (neighborhood) are be more similar
than expected for randomly associated pairs of observations [18].
The focus of our attention on GWR is motivated by a number of recent
publications which have demonstrated that this local spatial model is appealing
in areas of spatial econometrics, including climatology [6], social segregation [20],
industrialisation [15] as well as environmental and urban planning [28]. Despite of
this, there are still research issues which are not faced by GWR. In the following
we introduce a novel local algorithm which aims to solve them.
The main issue of GWR is that it outputs a single parametric equation, which
represents the linear combination of all the predictor variables in the task, and
considers the coeﬃcients of the linear combination as parameters for the local estimation. This means that GWR assumes that predictor variables are all equally
relevant for the response everywhere across the landscape, although it admits
spatially varying parameters. Consequently, GWR does not deal with the spatially localized phenomenon of collinearity. In general, collinearity is a statistical
phenomenon in which two or more predictor variables in a multiple regression
model are highly linearly correlated. In this case, the coeﬃcient estimates may
change erratically in response to small changes in the model or the data, thus
decreasing the predictive accuracy. In conventional regression, the problem of
collinearity is addressed by identifying the subset of the relevant predictor variables and outputting the linear combination of only the variables in this subset
[11]. Based on this idea, we argue that a solution to the spatial collinearity
in GWR is to determine a parametric regression surface, which linearly combines a subset of the predictor variables. As we expect that variables in the
subset may vary in space, we deﬁne a new spatially local regression algorithm,
called GWRT (Geographically W eighted Regression T rees learner), which integrates a spatially local regression model learner with a tree-based learner. The
tree-based learner recursively segments the landscape along the spatial dimensions (e.g. latitude and longitude), according to a measure of the positive spatial
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autocorrelation over the response values. In practice, the leaves of an induced
tree represent a segmentation of the landscape into non-overlapping areal units
which spatially reference response values positively autocorrelated within the
corresponding leaf. The high concentration of autocorrelated response values
falling in a leaf motivates the search for a parametric surface equation to be
associated to the leaf. The leaf surface reasonably combines only a subset of relevant predictor variables and the parameters of this surface are locally estimated
across the leaf. In particular, at each leaf, the predictor variables and the local
parameters are learned by adapting the forward stepwise approach [11] deﬁned
for a global aspatial models to local spatial model learning.
Another important issue of both GWR and GWRT is that they do not capitalize on the time dependence among observations repeatedly collected across
the same landscape at consecutive time points. This issue cannot be neglected
due to the ubiquity of sensor network applications which continuously feed an
unbounded amount of georeferenced and timestamped data (for instance, the
temperature is periodically measured by weather stations across the Earth’s
surface). We face this issue by tailoring a transfer learning technique which
adapts predictions obtained by geographically weighted regression trees learned
by GWRT in the recent past towards the present. The research problem we consider focuses on applying knowledge from one set of past instances of a task to
improve the performance of learning the same task in the present [26]. In our case
the transferred model will reﬂect the spatial non-stationarity of phenomenon at
present and also the time dependence among consecutive observations of the
same phenomenon. For the transfer process, we sample few training key data in
the present which are regularly distributed across the landscape. For each key
observation, a transfer observation is computed with one predictor variable for
each GWRT tree to be transferred from the past. The transferred model is a
(spatially piecewise) regression model learned from these transfer data.
Therefore, the innovative contributions of this work with respect to original
formulation of GWR are highlighted as follows. We propose a tree-based learner
which allows the segmentation of the landscape in non-overlapping areal units
that group positively autocorrelated response values. We do not assume any
global form of the geographically weighted regression model, but we allow the
variation across the landscape of the subset of predictive variables included the
model. We design a stepwise technique to determine a geographically weighted
regression model, where only the most promising predictive variables are selected. We deﬁne a transfer technique which allows us to use geographically
weighted regression trees previously learned on past source domain data in order to improve the accuracy of prediction over the target domain data. We
empirically prove that geographically weighted regression trees allow us a more
accurate prediction of unknown response values spread across the landscape than
three competitive methods: the traditional spatial statistic predictor GWR, the
inductive aspatial model tree learner M5’ [30] and the transductive spatial regression learner SpReCo [4] . Finally, we evaluate the viability of the transfer
technique in a real application.
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The paper is organized as follows. In the next Section we revise related work on
regression in spatial statistics and spatial data mining as well as related work on
inductive transfer learning. In Section 3, we illustrate the problem setting and
introduce some preliminary concepts. In Section 4, we present the geographically weighted regression tree induction algorithm. In Section 5, we present the
inductive transfer of this kind of tree-based models learned in the recent past
to the present. In Section 6 we describe experiments we have performed with
several benchmark spatial data collections. Finally, we draw some conclusions
and outline some future work.

2

Background and Related Work

In order to clarify the background of this work, in this Section we illustrate
related research on regression in both spatial data analysis and transfer learning.
2.1

Spatial Regression

Several deﬁnitions of the regression task have been formulated in spatial data
analysis over the years. The formulation we consider in this work is the traditional one, where a set of attribute-value observations for the predictor variables
and the response variable are referenced at point locations across the landscape.
So far, several techniques have been deﬁned to perform this task, both in spatial
statistics and spatial data mining. A brief survey of these techniques (e.g. k-NN,
geographically weighted regression, kriging) is reported in [27].
In particular, the k-Nearest Neighbor (k-NN) algorithm [23] is a machine
learning technique which appears to be a natural choice for dealing with the
regression task in spatial domains. Each test observation is labeled with the
(weighted) mean of the response values of neighboring observations in the training set. A distance measure is computed to determine neighbors. As spatial
coordinates can be used to determine the Euclidean distance between two positions, k-NN predicts the response value at one position by taking into account
the observations which fall in the neighborhood. Thus, k-NN takes into account
a form of positive autocorrelation over the response attribute only.
GWR [2] is a spatial statistic technique which extends the regression framework deﬁned in conventional statistics by rewriting a globally deﬁned model as
a locally estimated model. The global regression
n model is a linear combination
of predictor variables, deﬁned as: y = α + k=1 βk xk +  with intercept α and
parameters βk globally estimated for the entire landscape, by means of the least
square regression method [11]. Then GWR rewrites this equation in terms of a
parametric linear combination of predictor variables, where the parametric coefﬁcients (intercept and parameters) are locally estimated at each location across
the landscape. Formally, the parametric model at location i is in the form:
y(ui , vi ) = α(ui , vi ) +

n

k=1

βk (ui , vi )xk (ui , vi ) + i ,

(1)
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where (ui , vi ) represents the coordinate location of i, α(ui , vi ) is the intercept at
location i, βk (ui , vi ) is the parameter estimate at the location i for the predictor
variable xk , xk (ui , vi ) is the value of the k-th variable for location i, and i is
the error term. Intercept and parameter estimates are based on the assumption
that observations near one another have a greater inﬂuence on each other. The
weight assigned to each observation is computed on the basis of a distance decay
function centered on the observation i. This decay function is modiﬁed by a
bandwidth setting, that is, at which distance the weight rapidly approaches
zero. The bandwidth is chosen by minimizing the Akaike Information Criteria
(AIC) score [7]. The choice of the weighting scheme is a relevant step in the
GWR procedure and, at this purpose, several diﬀerent weighting functions are
deﬁned in the literature [2]. The more common weighting functions are Gaussian
and the bi-square kernels.
Kriging [5] is a spatial statistic technique which exploits positive autocorrelation and determines a local model of the spatial phenomenon. It applies an optimal linear interpolation method to estimate unknown response values y(ui , vi )
at each location i across the landscape. y(ui , vi ) is decomposed into a structural
component, which represents a mean or constant trend, a random but spatially
correlated component and a random noise, which expresses measurement errors
or variations inherent to the attribute of interest.
A diﬀerent approach is reported in [22], where the authors present a relational regression method (Mrs-SMOTI) that builds a regression model tightly
integrated with a spatial database. The method considers the geometrical representation and relative positioning of the spatial objects of diﬀerent types to
decide the split condition for the tree induction (e.g., towns crossed by a river
and towns not crossed by any river). For the splitting decision the heuristic
based on the error reduction is used. The regression problem addressed in this
paper is clearly diﬀerent from the task faced by Mrs-SMOTI, as we assume data
which are produced at a time by a sensor network, i.e. measurements of one or
more variable taken from sensors which are georeferenced through the latitudelongitude position of the measuring sensor. In any case, we have found appealing
the idea of partitioning data and learning the model in a stepwise fashion at each
partition to solve the problem of linear collinearity also in spatial domains. We
extend this idea by proposing a segmentation of the landscape in areal units
according to Boolean tests on spatial dimensions and not on predictor variables
as traditional model trees do. The segmentation is tailored to identify boundaries of areal units across the landscape which group (positively) autocorrelated
response values. Finally, the regression model associated to each leaf is built
stepwise, but it is also synthesized to be a locally estimated regression model.
Finally, SpReCo [4] is a data mining method which addresses the spatial
regression problem in a transductive learning setting and takes into account the
autocorrelation of spatial data by resorting to a co-training algorithmic solution.
Traditional model tree based regressors are learned from two diﬀerent views of
the same data. One view is deﬁned only on original predictor variables. The
other view, which accounts for the possible spatial autocorrelation, is based on
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aggregate variables, whose values are derived by aggregating measurements of
the predictor variables in the neighborhood of each considered spatial location.
According to the co-training paradigm, the model learned from a view is used
to predict unlabeled data for the other during the learning process. However,
only some unlabeled data are considered, namely the most reliable. The ﬁnal
prediction of unlabeled observations is the weighted average of the regression
estimates generated by both learners. According to the transductive formulation
of a regression problem, SpReCo inputs both labeled and unlabeled georeferenced
data and outputs a prediction of the unlabeled ones, but no regression model is
produced to predict data which are not available during the learning phase.
2.2

Transfer Learning

The major assumption in many data mining techniques is that the training and
future data must be in the same feature space and have the same distribution.
However, in many real world applications, this assumption may not hold. For
example, in time-dependent spatial applications, such as applications of sensor
network analysis, we may have to deﬁne a regression task for the domain of
interest in the present (target domain), but have suﬃcient training data for this
task available only in the past (source domain). In these cases, past data may
follow a diﬀerent data distribution with respect to present data and knowledge
transfer would greatly improve the performance of learning, by avoiding much
expensive labeling eﬀort. In recent years, transfer learning has emerged as a new
learning framework to address this kind of problem.
A survey focusing on categorizing and reviewing the current progress in transfer learning is reported in [26]. This survey revises several transfer learning techniques which are deﬁned for diﬀerent data mining tasks, including regression.
Independently of the task, these techniques are classiﬁed with respect to the
learning setting in which they operate. In particular, the learning setting, and
consequently the transfer technique, may be inductive, transductive or semisupervised. In the inductive setting, the target task is diﬀerent from the source
task, although it does not matter whether the source and target domains are the
same or not. Some labeled data in the target domain are required to transfer
an objective predictive model for use in the target domain. In the transductive
setting, the source and target tasks are the same, while the source and target
domains are diﬀerent. No labeled data in the target domain are available, while
labeled data in the source domain are available. Finally, in the unsupervised
transfer learning setting, similar to the inductive transfer learning setting, the
target task is diﬀerent from but related to the source task. There are no labeled
data available in either source and target domains in training. According to
this categorization, the transfer learning problem we address in this paper stops
halfway between the transductive transfer setting and the inductive transfer setting. As in the transductive setting, we have a unique task which admits several
timestamped domains. In particular, we observe that the source timestamped
domains share the same feature vector which varies across the landscape, but
this spatial data distribution may drift in time [12]. On the other hand, as in the
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inductive transfer setting, we assume the existence of some labeled observations
in the present domain (the target one), which are used to transfer the predictive
models learned in the past source domains to the present ones. This transfer
learning problem is related to that of transferring a knowledge from WiFi localization models across time periods and space to perform WiFi localization tasks
[31,25]. Additionally, this transfer with a single task is also connected to domain
adaptation which has already been investigated with similar assumptions for the
knowledge transfer in text classiﬁcation [9].
Although the existence of this somehow related research is documented in the
literature, to the best of our knowledge our work is the ﬁrst attempt to tailor a
transfer technique of a purely spatially local regression model to a framework of
spatio-temporal data analysis.

3

Problem Setting and Preliminary Concepts

In this Section, we formulate a deﬁnition for the regression relationship between
the predictor variables and the response variable observed in a geographically
distributed environment. This relationship is deﬁned according to a ﬁeld-based
[29] modeling of the variables which allows us to ﬁt ubiquity of data across
the landscape. The inductive regression task is formulated to learn a deﬁnition
of the regression relationship in a geographically distributed training sample.
We propose to address this task by learning a piecewise deﬁnition of a spacevarying (parametric) regression function which met the requirements of spatial
non-stationarity posed by this task without suﬀering of collinearity problems.
Finally, the transfer learning task is formulated to allow us to transfer regression
models on a landscape across time.
3.1

Spatial Regression Definition

Formally, a spatial regression relationship, denoted as τ (U, V, Y, X1 , X2 , . . . , Xm ),
deﬁnes the (possibly unknown) space-varying relationship between a response
numeric variable Y and m predictor numeric variables Xj (with j = 1, . . . , m).
This relationship varies across a 2D landscape U × V (e.g. Latitude × Longitude) due to the phenomenon of spatial non-stationarity. In this formulation and
according to the field-based model, the variation of both the response variable
and the predictor variables across the landscape is mathematically deﬁned by
means of one response function y(·, ·) and m distinct predictor functions xj (·, ·)
which are respectively:
y : U × V → Y

xj : U × V → Xj (with j = 1, . . . , m),

(2)

where U × V ⊆ R × R is the range of the Cartesian product U × V ; Y is the
numeric range of response function y(·, ·) (variable Y ); Xj is the numeric range
of the predictor function xj (·, ·) (variable Xj ).
An extensional deﬁnition D of the relationship τ comprises any set of observations which are simultaneously collected across the landscape according
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to both the response function (y(·, ·)) and the predictor functions (xj (·, ·) with
j = 1, . . . , m). The observation i of this set is the data tuple deﬁned as follows:
[i, ui , vi , x1 (ui , vi ), x2 (ui , vi ), . . . , xm (ui , vi ), y(ui , vi )],

(3)

where i is the primary key of the data tuple one-to-one associated to the point
location with coordinates (ui , vi ). xj (ui , vi ) is the value measured for the predictor variable Xj at the location (ui , vi ) across the landscape, while y(ui , vi ) is the
(possibly unknown) value measured for the response variable Y at (ui , vi ). The
response value y(uj , vj ) may be unknown, in this case the tuple i is unlabeled.
3.2

Spatial Regression Inductive Task

The inductive regression task associated to τ can be formulated as follows. Given
a training data set T ⊂ D which consists of a sample of n randomly tuples
taken from D and labeled with the known values for the response variable. The
goal is to learn a space-varying functional representation f : U × V → R of the
relationship τ such that f can be used to predict unlabeled responses at any
location across the landscape. Our proposal to address this task consists of a
new learner which receives training data T as input and outputs a piecewise
deﬁnition for the space-varying function f which is deﬁned as a geographically
weighted regression tree. This tree recursively partitions the landscape surface
along the spatial dimensions U and V and associates the areal unit at each leaf
with a parametric (space-varying) linear combination of an opportunely chosen
subset of the predictor variables. The parameters of this equation are locally
estimated at each training location which falls in the leaf.
3.3

Geographically Weighted Regression Tree

Formally a geographically weighted regression tree f is deﬁned as a binary tree
f = (N, E) where:
1. each node n ∈ N is either an internal node or a leaf node (N = NI ∪ NL )
(a) an internal node n ∈ NI identiﬁes a rectangular surface s(n) over the
landscape U × V . The root identiﬁes the entire landscape U × V ;
(b) a leaf node n ∈ NL is associated with a parametric multiple linear regression function, that, for each location i falling in s(n), allows the prediction of yi according to predictor values and coeﬃcients of the linear
combination as they are locally estimated at the location i;
2. each edge (ni , nj ) ∈ E is a splitting edge labeled with a Boolean test over U
or V which allows the identiﬁcation of the rectangular surface s(nj ) ⊂ s(ni ).
An example of a geographically weighted regression tree is reported in Figure 1.
Once the geographically weighted regression tree f is learned, it can be used to
predict the response for any unlabeled observation i ∈ D. During classiﬁcation,
the leaf of f which spatially contains i is identiﬁed. The parametric function
associated to this leaf is then applied to predict the unknown response value of
i by taking into account the (ui , vi ) localization of i .
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(a) Sensors possibly installed across (b) A geographically weighted regresthe Earth to obtain geographically dis- sion tree.
tributed training observations of the
Temperature (response), Humidity and
Luminosity (predictors).
Fig. 1. An example of geographically weighted regression trees with spatial splits and
space-varying parametric functions at the leaves (b) learned from spatial data (a).

3.4

Transfer of Spatial Regression Models across Time

By adding the time dimension to the spatial regression task formulation, data sets
are collected across the same landscape, but at distinct time points. As the manual
labeling of large data sets can be very costly, it is reasonable that after an initial
extensive activity of labeling, regression model(s) learned from the past would be
used to predict unknown label of data at the present time point. As data distribution may drift in time, any learned model should also take this drift into account.
The challenge of the transfer learning is that of allowing us to avoid that a regression model is learned again form scratch; indeed the learning operation will require
to label a large amount of data to guarantee a quite accurate training. To take under control the labeling cost, only few data are labeled at the present time point
and they are used to transfer regression models learned in the past across the time
and adapt them to the present data at best. The hypothesis we investigate in this
paper is that in presence of a set of scarcely and sparsely labeled data, we can gain
more accuracy by labeling the unlabeled data with regression models transferred
from the past than by using a new regression model learned from a small training
set. With this aim we formulate a transfer learning task. Given, the deﬁnition of
a spatial regression task τ (Y, X1 , X2 , . . . , Xm , U, V ) ; a series of w geographically
weighted regression trees fj , each one learned from a training source domain Dj
on collected on U×V for the task τ at the past time tj ; and observations in the key
target set K ⊂ D (with responses) timestamped with the present time point. The
transfer learner induces a target predictive function ff1 ,f2 ,...,fw ,K : U × V → Y by
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using f1 , f2 , . . . fw and the response values of the observations in K which allows
us to predict the unlabeled observations of any testing target set T taken across
U × V at the same time point of K.

4

Geographically Weighted Regression Tree Induction

Based on the classical Top-Down Induction of Decision Tree framework, GWRT
recursively partitions the landscape in non-overlapping areal units and ﬁnds
a parametric piecewise prediction model that ﬁts training data in these areal
units. Details of partitioning phase and regression model construction phase are
discussed in this section. We also explain how geographically weighted regression
trees can predict unknown response values across the landscape.
4.1

Splitting phase

The partitioning phase is only based on the spatial dimensions of the data. The
choice of the best split is based on the well known Global Moran autocorrelation
measure [18], computed on the response variable Y and deﬁned as follows:
N 
N


N
I= N N


wij (yi − y)(yj − y)

i=1 j=1

wij

i=1 j=1

N


,

(4)

(yi − y)

2

i=1

where yi is the value of the response variable at the observation i, y is the
mean of the response variable, wij is the spatial distance based weight between
observations i and j and N is the number of observations.
The Gaussian kernel is an obvious choice to compute the weights:

2
2
e(−0.5dij /h ) if dij ≤ h
,
(5)
wij =
0
otherwise
where h is the bandwidth and dij is the Euclidean spatial distance between
observations i and j. The basic idea is that observations that show high positive
spatial autocorrelation in the response variable should be kept in the same areal
unit. Therefore, for a candidate node t, the following measure is computed:
It =

(IL NL + IR NR )
NL + NR

(6)

where IL (IR ) represents the Global Moran autocorrelation measure computed
on the left (right) child of t and NL (NR ) is the number of training observations
falling in the left (right) child of t. The higher It , the better the split.
The candidate splits are in the form ui ≤ γu or vi ≤ γv , where (ui , vi ) is the
spatial position of observation i. Candidate γu and γv values are determined by
ﬁnding nbins −1 candidate equal-frequency cut points for each spatial dimension.

Learning and Transferring GWR Trees across Time

107

Our motivation of an autocorrelation measure as a splitting heuristic is that
we look for a segmentation of the landscape in regions of highly correlated data
which may lead to accurate GWR regression models [2].
The stopping criterion to label a node as a leaf requires the number of training
observations in each node to be less than a minimum threshold. This threshold
is set to the square root of the total number of training observations, which
is considered a good locality threshold that does not allow too much loss in
accuracy ever for rule-based classiﬁers [13].
4.2

Model Construction Phase

For each leaf a parametric linear regression function is associated to the areal unit
associated to the leaf. Parameters of this function re estimated at each training
location falling in such areal unit. After the tree is completely built, it deﬁnes a
l

piecewice regression function f in this form f (u, v) =
I((u, v) ∈ Di ) × fi (u, v),
i=1

where l is the number of leaves and D1 , D2 , . . . , Dl represent the segmentation of
the landscape due to the spatial partition deﬁned by the tree; fi (·, ·) is the parametric linear function learned for the areal unit Di ; and I(·) is an indicator function returning 1 if its argument is true and 0 otherwise.
Each parametric linear regression function is a parametric linear combination
of a subset of the predictor variables. The variables are selected according to a
forward selection strategy. Thus, the function is built with a stepwise process
which starts with no variable in the function and tries out the variables one
by one, including the best variable if it is “statistically signiﬁcant”. For each
variable included in the model, parameters of the output combination are locally
estimated across the landscape covered by the leaf areal unit.
To explain the stepwise construction of a parametric regression function we
illustrate an example. Let us consider the case we build a function of the response
variable Y with two predictor variables X1 and X2 and estimate the spacevarying parameters of this function at the location (ui , vi ). Our proposal is to
equivalently build the parametric function:
ŷ(ui vi ) = α(ui , vi ) + β(ui , vi ) x1 (ui , vi ) + γ(ui , vi ) x2 (ui , vi ),

(7)

through a sequence of parametric straight-line regressions. At this aim, we start
by regressing Y on X1 and building the parametric straight line
ŷ(ui , vi ) = α1 (ui , vi ) + β1 (ui , vi ) x1 (ui , vi ).

(8)

This equation does not predict Y exactly. By adding the variable X2 , the prediction might improve. However, instead of starting from scratch and building
a new function with both X1 and X2 , we follow the stepwise procedure. First
we build the parametric linear model for X2 if X1 is given, that is, x̂2 (ui , vi ) =
α2 (ui , vi ) + β2 (ui , vi )x1 (ui , vi ). Then we compute the parametric residuals on
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both the predictor variable X2 and the response variable Y , that is:
x2 (ui , vi ) = x2 (ui , vi ) − (α2 (ui , vi ) + β2 (ui , vi )x1 (ui , vi ))


y (ui , vi ) = y(ui , vi ) − (α1 (ui , vi ) + β1 (ui , vi )x1 (ui , vi )).

(9)
(10)

Finally, we determine a parametric straight-line regression between parametric
residuals Y  on X2 , that is,
ŷ  (ui , vi ) = α3 (ui , vi ) + β3 (ui , vi )x2 (ui , vi ).

(11)

By substituting Equations 9-10, we reformulate Equation 11 as follows:
y(ui , vi ) − (α1 (ui , vi ) + β1 (ui , vi )x1 (ui , vi )) = α3 (ui , vi ) +
+ β3 (ui , vi )(x2 (ui , vi ) − (α2 (ui , vi ) + β2 (ui , vi )x1 (ui , vi ))).

(12)

This equation can be equivalently written as:
ŷ(ui , vi ) = (α3 (ui , vi ) + α1 (ui , vi ) − α2 (ui , vi )β3 (ui , vi )) + (β1 (ui , vi ) − (13)
− β2 (ui , vi )β3 (ui , vi ))x1 (ui , vi ) +
+ β3 (ui , vi )x2 (ui , vi ).
It can be proved that the parametric function reported in this Equation coincides
with the geographically weighted model built with Y , X1 and X2 (in Equation
7) since:
α(ui , vi ) = α3 (ui , vi ) + α1 (ui , vi ) − α2 (ui , vi )β3 (ui , vi ),
β(ui , vi ) = β1 (ui , vi ) − β2 (ui , vi )β3 (ui , vi )

(14)
(15)

γ(ui , vi ) = β3 (ui , vi ).

(16)

By considering the stepwise procedure illustrated before, two issues remain to
be discussed: how parametric intercept and slope of a straight line regression
(e.g. ŷ(ui , vi ) = α(ui , vi ) + β(ui , vi ) xj (ui , vi )) are locally estimated across the
landscape and how predictor variables to be added to the function are chosen.
The parametric slope and intercept are deﬁned on the basis of the weighted
least squares regression method [11]. This method is adapted to ﬁt the geographically distributed arrangement of the data. In particular, for each training
location which contributes to the computation of the straight-line function, the
parametric slope β(ui , vi ) is deﬁned as follows:
β(ui , vi ) = (LT Wi L)−1 LT Wi Z,

(17)

where L represents the vector of the values of Xj on the training observations,
Z is the vector of Y values on the same observations and Wi is⎛a diagonal ma⎞
wi1 . . . 0
⎟
⎜
trix deﬁned for the training locations (ui , vi )as follows: Wi = ⎝ ... . . . ... ⎠,
0 . . . wiN
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where wij is computed according to Equation 5. Finally, the parametric intercept
α(ui , vi ) is computed according to the function:
α(ui , vi ) =

1 
1 
zi − β(ui , vi ) ×
li .
N i
N i

(18)

where zi and li are members of Z and L, respectively.
The choice of the best predictor variable to be included in the model at each
step is based on the maximization of the Akaike information criterion (AIC)
measure. The AIC is a measure of the relative goodness of ﬁtting of a statistical
model. First proposed in [3], AIC is based on the concept of information entropy,
and oﬀers a relative measure of the information lost when a given model is used
to describe reality. It can be said to describe the trade-oﬀ between the bias and
the variance in model construction, or, loosely speaking, between the accuracy
and the complexity of the model. In this work we use the corrected AIC (AICc )
[16] that has proved to give good performance even for small datasets [7]:
AICc = 2N ln(σ̂) + N ln(2π) + N

N +p
N −2−p

,

(19)

where N is the number of training data falling in the leaf, σ̂ is the standard
deviation of training residuals for the response variable and p is the number of
parameters (number of variables included in the model – degrees of freedom of
a χ2 test). AICc is used to compare regression models; however, it does not
provide a test of a model in the usual sense of testing a null hypothesis; i.e. AIC
can tell nothing about how well a model ﬁts the data in an absolute sense. This
means that if all the candidate models ﬁt poorly, AIC will not give any warning.
To overcome this problem, once the best variable to be added to the function is
identiﬁed, the new function is evaluated according to the partial F-test. This test
allows the evaluation of the statistical contribution of a new predictor variable
to the model [11]. If the contribution is not statistically signiﬁcant, the previous
model is kept and no further variable is added to the regression function.

4.3

Prediction

Once a geographically weighted regression tree T is learned, it can be used for
prediction purposes. Let o be any georeferenced observation with unknown response value, then the leaf of T spatially containing o is identiﬁed. If a training
parameter estimation exists in this leaf computed for the spatial coordinates
(uo , vo ), then these estimates are used to predict y(uo , vo ) according to the local
function associated to the leaf; otherwise, the k closest training parameter estimations falling in the same leaf are identiﬁed. Closeness relation is computed
by the Euclidean distance. These estimated neighbor parameters are used to
obtain k predictions of the response value, then a weighted combination of these
responses is output. Weights are deﬁned according to the Gaussian schema.
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Geographically Weighted Regression Tree Transfer

Let τ be a spatial regression relationship, fq−w , fq−w+1 , . . . , and fq be a series
of w1 functions (in our study, geographically weighted regression trees) learned
for the task at the source time points tq−w , tq−w+1 , . . . , and tq and Dq+1 be the
target domain of the task which refers to the time point tq+1 . The unknown
response values of data collected in the time point tq+1 are predictable by the
unknown target predictive function fq+1 . Then the goal is to obtain a deﬁnition
of fq+1 by transferring the source trees towards the set of labeled key observations in the target time tq+1 . We denote with Kq+1 the set of labeled target keys
in tq+1 and Tq+1 the set of unlabeled non-key observations.
In our proposal, a new dataset, denoted as K  is computed. It contains one
tuple for each key observation in Kq+1 . Attributes of K  represent the responses
predicted by fq−w , fq−w+1 , . . . , and fq for each key observation in K, the spatial
dimension coordinates U and V and the true response value collected for the key
observation. K  is now employed as training data set for a new regression task
τ  (Y, Yq−w , Yq−w+1 , . . . , Yq , U, V ), which is formulated with the aim of learning
the the target predictive function fq+1 .
We investigate two alternative solutions to learn fq+1 by a transfer learning process. The former solution employs the classical stepwise least squared
regression (LSR) method [11] which uses accuracy to determine the prominent
variables (responses of the past trees) for the transfer and outputs a global multivariate linear combination of these variables. The latter solution adapts the idea
of a piece-wise (tree-based) form for the multivariate regression model and bases
the partitioning on Boolean splits on the spatial attributes. Also in this case,
the stepwise least squared regression method is used to learn the multivariate
function associated to each leaf. An example of piece-wise multivariate regression model (model tree) is reported in Figure 2. Again, leaves are associated
with multivariate regression models learned stepwise.

Fig. 2. An example of model tree used during transfer learning. ozone1 and ozone3
are predictor variables whose values are estimated according to f1 and f3 , respectively.

1

w is the size of a backward time window with w ≥ 1.
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Experiments

The inductive learner GWRT and its transfer learner, called GWRTT, are implemented in a Java system which interfaces a MySQL DBMS. In the next subsections, we illustrate results obtained with benchmark spatial data sets and a
real spatio-temporal data collection.
6.1

Geographically Weighted Regression Tree Induction

GWRT is evaluated on real data collections to seek answers to the following
questions. (1) How does the spatial segmentation of the landscape in rectangular areal units of positively autocorrelated responses improve both the aspatial
segmentation performed by the state-of-art model tree learner M5’ and the cotraining solution implemented by the transductive learner SpReCo? (2) How
does the stepwise construction of a piecewise space-varying parametric linear
function solve the collinearity problem and improve the accuracy of traditional
GWR? (3) How does the boundary bandwidth h and the neighborhood size k
aﬀect accuracy of geographically weighted regression trees induced by GWRT?
In the following, we describe the data sets, the experimental setting and we
illustrate results obtained with these data in order to answer questions 1-3.
Datasets. GWRT has been evaluated on six spatial regression data collections whose description is reported in the following. Forest Fires (FF) [8] collects 512 observations of forest ﬁres in the period January 2000 to December
2003 in the Montesinho Natural Park, Portugal. The predictor variables are:
the Fine Fuel Moisture Code, the Duﬀ Moisture Code, the Drought Code, the
Initial Spread Index, the temperature in Celsius degrees, the relative humidity, the wind speed in km/h, and the outside rain in mm/m2 . The response
variable is the burned area of the forest in ha (with 1ha/100 = 100 m2 ). The
spatial coordinates (U,V) refer to the centroid of the area under investigation on a park map. USA Geographical Analysis Spatial Data (GASD) [24]
contains 3,107 observations on USA county votes cast in the 1980 presidential election. For each county the explanatory attributes are: the population
of 18 years of age or older, the population with a 12th grade or higher education, the number of owner-occupied housing units, and the aggregate income. The response attribute is the total number of votes cast. For each county,
the spatial coordinates (U,V) of its centroid are available. North-West England
(NWE)(http://www.ais.fraunhofer.de/KD/SPIN/project.html) concerns the region of North West England, which is decomposed into 1011 censual wards. Both
predictor and response variables available at ward level are taken from the 1998
Census. They are the percentage of mortality (response attribute) and measures of deprivation level in the ward, according to index scores such as, Jarman
Underprivileged Area Score, Townsend Score, Carstairs Score and the Department of the Environment Index. Spatial coordinates (U,V) refer to the ward
centroid. By removing observations including null values, only 979 observations
are used in this experiment. Sigmea-Real [10] collects 817 observations of the
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rate of herbicide resistance of two lines of plants (predictor variables), that is,
the transgenic male-fertile (SMF) and the non-transgenic male-sterile (SMS) line
of oilseed rape. Predictor variables are the cardinal direction and distance from
the center of the donor ﬁeld, the visual angle between the sampling plot and the
donor ﬁeld, and the shortest distance between the plot and the nearest edge of the
donor ﬁeld. Spatial coordinates (U,V) of the plant are available. South California
(SC) [17] contains 8033 observations collected for the response variable, median
house value, and the predictor variables, median income, housing median age,
total rooms, total bedrooms, population, households in South California. Spatial
coordinates represent the latitude and longitude of each observation.
Experimental Setting. The performed experiments aim at evaluating the
eﬀectiveness of the improvement of accuracy of the geographically weighted regression tree, with respect to the baseline model tree learned with the state of
art model tree learner M5’, the transductive learner SpReCo and the geographically weighted regression function computed by GWR. We used M5’ as it is the
state-of-art model tree learner which is considered as the baseline in almost all
papers on model tree learning. At the best of our knowledge, no study reveals
the existence of a model tree learner which deﬁnitely outperforms M5’. The implementation of M5’ is publicly available in WEKA, while the implementation
of GWR is publicly available in software R. M5’ is run in two settings. The ﬁrst
setting adds the spatial dimensions to the set of predictor variables (sM5), the
second setting ﬁlters out variables representing spatial dimensions (aM5). The
empirical comparison between systems is based on the mean square error (MSE).
To estimate the MSE, a 10-fold cross validation is performed and the average
MSE (Avg.MSE) over the 10-folds is computed for each dataset. To test the
signiﬁcance of the diﬀerence in accuracy, we use the non-parametric Wilcoxon
two-sample paired signed rank test.
Results. In Table 1, we compare the 10-fold average MSE of GWRT with
the MSE of M5’ (both sM5 and aM5 settings) and GWR . GWRT is run by
varying h and k as we intend to draw empirical conclusions on the optimal
tuning of these parameters. The results show that MSE comparison conﬁrms
that GWRT outperforms aspatial and spatial competitors, generally by a great
margin. This result empirically proves the intuitions which lead us to synthesize
a technique for the induction of geographically weighted regression trees. The
spatial-based tree segmentation of the landscape aimed at the identiﬁcation of
rectangular areal units with positively autocorrelated responses improves the
performance gained by the baseline M5’ which partitions data (and not landscape) according to a Boolean test on the predictor variables. On the other hand,
the spatial segmentation of landscape combined with linear models having a local estimate of parameters allows us to gain a more eﬃcacious consideration (in
terms of accuracy) of the spatial autocorrelation than SpReCo (which accounts
the autocorrelation by a co-training procedure). The only exceptions are NWE
and SMS. On the other hand, the stepwise computation of a geographically
weighted regression model at each leaf is able to select the appropriate subset of
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Table 1. 10-fold CV average MSE: GWRT vs M5’, SpReCo and GWR. GWRT is run
by varying both neighborhood size k and bandwidth h. M5’ is run either by including
the spatial dimensions (sM5) in the set of predictor variables or by ﬁltering them out
(aM5). GWR is run with the option for automatic bandwidth estimation. The best
value of accuracy is in boldface for each dataset.
k
5
h
20%
FF 50.44
GASD 0.10
NWE 0.009
SMS 11.11
SMF 3.66
SC 32.1e5

5
30%
49.73
0.09
0.004
5.82
2.24
7.1e4

5
40%
49.84
0.10
0.003
4.19
1.81
5.3e4

5
50%
49.99
0.10
0.003
4.58
1.92
5.4e4

10
20%
50.37
0.10
0.009
18.33
3.67
17.4e5

10
30%
49.64
0.09
0.003
5.48
2.37
6.9e4

10
40%
49.76
0.10
0.003
4.42
1.90
5.3e4

10
50%
49.90
0.10
0.003
4.56
1.92
5.4e4

sM5 aM5 SpReCo GWR
87.63
0.14
0.004
3.98
2.40
6.1e4

76.88 58.24
0.14 0.14
0.004 0.0025
4.73 3.51
1.98 1.91
8.7e4 6.6e4

373.3
0.35
0.004
5.22
1.98
8.2e4

predictor variables at each leaf, thus solving the collinearity and deﬁnitely improving the baseline accuracy of traditional GWR. The statistical signiﬁcance
of the obtained diﬀerences is estimated in terms of the signed rank Wilcoxon
test. The entries of Table 2 report the statistical signiﬁcance of the diﬀerences
between compared systems estimated with the signed rank Wilcoxon test. By
insighting the statistical test results, we observe that there are three datasets,
GASD, Forest Fires and South California, where GWRT statistically outperforms each competitor independently from the h and k setting (just with South
California and h=20% the superiority of GWRT with respect to its competitor
is not statistically obseravabe). The same primacy of GWRT is observable for
the remaining three datasets, NWE, SigmeaMS and SigmeaMF, when we select
higher values of h (h >= 30%). In general, we observe that a choice of h between 30% and 40% leads to lower MSE in all datasets. GWRT seems to be less
sensitive to the choice of k due to the weighting mechanism.
6.2

Geographically Weighted Regression Tree Transfer across Time

GWRTT is evaluated on a real spatio-temporal data collection in order to seek
answers to the following questions. (1) How does the prediction function learned
with the transfer technique vary in accuracy by tuning the percentage of key
observations into the target domain and/or the time window size used to select
source geographically weighted regression trees to be transfered across time? (2)
When is the transfer learner better than the traditional inductive learner? In the
following, we describe the data set, the experimental setting and we illustrate
results obtained with these data in order to seek questions 1-2.
Dataset. We run experiments by considering data hourly collected by the Texas
Commission On Environment Quality in the time period May 5-15, 2009. Data
are obtained from 26 stations installed in Texas (http://www.tceq.state.tx.us/).
Predictor variables are wind speed, temperature and solar radiation. The response variable is the ozone rate. Spatial dimensions are the latitude and longitude of the transmitting stations.
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Table 2. The signed Wilcoxon test on the accuracy of systems: GWRT vs M5 (sM5
or aM5); GWRT vs SpReCo; GWRT vs GWR. The symbol “+” (“-”) means that
GWRT performs better (worse) than the competitor system. “+” (“–”) denotes the
statistically signiﬁcant values (p ≤ 0.05).
k
h

GWRT
vs
sM5
FF SpReCo
sM5
GASD SpReCo
NWE sM5
SpReCo
sM5
SMS SpReCo
sM5
SMF SpReCo
sM5
SC SpReCo

5
20
+
+
+
+
–
–
–
–
–
–
–

5
30
+
+
+
+
+
–
–
+
+
-

5
40
+
+
+
+
+
–
+
+
+
+
+

5
50
+
+
+
+
+
–
+
+
+
+
+

10
20
+
+
+
+
–
–
–
–
+
–
–

10
30
+
+
+
+
+
–
–
=
+
-

10
40
+
+
+
+
+
–
+
+
+
+
+

10
50
+
+
+
+
+
–
+
+
+
+
+

GWRT
vs
aM5
GWR
aM5
GWR
aM5
GWR
aM5
GWR
aM5
GWR
aM5
GWR

5
20
+
+
+
+
–
–
–
–
–
–
=
=

5
30
+
+
+
+
+
–
+
+
+
+

5
40
+
+
+
+
+
+
+
+
+
+
+

5
50
+
+
+
+
+
+
+
+
+
+
+

10
20
+
+
+
+
–
–
–
–
–
=
=

10
30
+
+
+
+
+
–
+
+
+
+

10
40
+
+
+
+
+
+
+
+
+
+
+

10
50
+
+
+
+
+
+
+
+
+
+
+

Experimental Settings. We deﬁne one transfer task for each day. The target
domain for the transfer is the set of observations transmitted from the 26 stations at 24:00hrs of the corresponding day. The sources of the transfer are the
Geographically Weighted Regression Trees learned on each source domain which
is hourly collected in the corresponding day. We consider backward windows
with size 1, 3, 6, 12, 18 and 24. We perform experiments by sampling 25%, 50%
and 75% of the stations as key stations for the transfer.
Results. The MSE measured over the non-key observations of each target domain is averaged for the eleven days and it is illustrated in Table 3. The results
of transfer are collected by varying the bandwidth h and the percentage of keys
κ in the target domain. The number of neighbors k is set to 5 for all experiments. The target predictive function is induced by using either a model tree
learner with Boolean test on spatial dimensions or the least square regression
learner. The results of the transfer are compared with the baseline Geographically Weighted Regression Tree, induced on the key observations of the target
domain only. These results suggest that, in this speciﬁc domain, LSR performs
better than a model tree to approximate the target predictive function. Probably, this depends on the scarcity of key data. Additionally, we observe that the
gain in accuracy due to the transfer is almost always appreciable when κ = 50%.
Concerning the bandwidth h and the window size w, we are not able to univocally identify the best setting for these parameters. This proves that further
investigations are necessary in the direction of automatical parameter tuning.
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Table 3. Avg MSE: eleven transfer tasks are daily deﬁned for the Texas Ozone data
collected at the 24:00 on May 5-15, 2009. For each task, sources domains are hourly
collected from 0:00 to 23:00. In bold, the MSE where the transfer outperforms GWRT.
Model Tree
LSR
κ
w/h
20
30
40
50
20
30
40
50
25%
1
7.58 10.34 10.62 10.66 4.64 8.37 6.17 6.54
25%
3
11.78 12.31 32.60 15.84 5.73 5.94 12.87 7.91
25%
6
15.37 21.01 64.26 10.52 6.30 8.99 39.03 12.88
25% 12 14.55 12.38 50.30 10.79 7.94 7.29 11.55 22.46
25% 18 12.52 25.12 161.50 24.46 7.79 10.25 22.33 10.74
25% 24 16.33 11.29 129.89 24.37 13.77 11.34 27.30 16.73
25% GWRT 8.03 8.08 7.85 7.59 8.03 8.08 7.85 7.59
50%
1
9.15 7.31 7.31 6.27 5.71 5.93 5.97 6.59
50%
3
10.99 8.00 10.09 10.40 5.49 6.51 6.00 8.12
50%
6
12.44 10.76 10.12 12.26 6.31 7.03 6.36 8.51
50% 12 11.78 10.35 10.60 12.73 8.76 7.07 7.52 8.29
50% 18 13.53 11.27 13.23 14.31 7.22 7.89 7.94 16.24
50% 24 17.28 16.18 12.96 12.94 7.73 8.66 8.33 10.96
50% GWRT 8.33 20.24 8.67 11.10 8.33 20.24 8.67 11.10
75%
1
8.31 6.58 8.37 6.86 6.28 7.48 6.42 7.28
75%
3
10.43 7.92 11.45 15.58 5.88 8.31 6.21 6.99
75%
6
10.74 11.74 15.78 11.69 5.37 7.50 6.09 7.83
75% 12
8.69 11.67 10.57 16.29 5.79 7.57 6.31 8.03
75% 18
6.19 9.79 12.06 11.17 5.19 7.22 6.56 7.20
75% 24
6.67 15.90 12.15 10.92 5.36 8.09 6.53 7.31
75% GWRT 6.08 6.08 6.42 11.45 6.08 6.08 6.42 11.45

7

Conclusions

We present a novel spatial regression technique to tackle issues posed by spatial non-stationarity and positive spatial autocorrelation in geographically distributed data environments. To deal with spatial non-stationarity we decide to
learn piecewise space-varying parametric linear regression functions with coefﬁcients which are estimated to vary across the space. We combine local model
learning with a tree structured segmentation approach that recovers the functional form of a spatial model only at the level of each areal segment of the
landscape. A new stepwise technique is adopted to select the most promising
predictors to be included in the model, while parameters are estimated at every
point across the local area. The parameter estimation solves the problem of least
square weighted regression and uses a positively autocorrelated neighborhood to
determine a correct estimate of the weights. Finally, a transfer learning technique
is deﬁned to transfer spatial regression models learned in the past to the present
time point. Experiments with several benchmark data collections conﬁrm that
the induction of our geographically weighted regression trees generally improves
both the local estimation of parameters performed by GWR and the global
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estimation of parameters performed by classical model tree learners like M5’ as
well as transductive solution for spatial regression problems as SpReCo. Furthermore, the transfer is proved to be eﬀective in a real application. As future
work, we plan to investigate techniques for automating tuning the bandwidth,
the neighborhood size and the transfer window size. Additionally, we plan to
use the deﬁned transfer technique to frame this work in a streaming environment, where geographically distributed sensors continuously transmit observations across time.
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